Abstract. Let G and X be transitive permutation groups on a set Ω such that G is a normal subgroup of X.
Introduction
Given a transitive permutation group G on a set Ω, there is a natural action of G induced on the set Ω × Ω. The G-orbits in this action are the G-orbitals on Ω. The trivial orbital is the diagonal orbit ∆ = {(ω, ω) | ω ∈ Ω}; the other orbitals are said to be non-trivial. We write Ω (2) := (Ω × Ω) \ ∆, and denote by Orbl(G, Ω) the set of G-orbits in Ω (2) . A G-orbital decomposition is a partition of Orbl(G, Ω), which induces a G-invariant partition of Ω (2) , and the number of parts is called the index of the decomposition. If a G-orbital decomposition P and a group X with G < X ≤ Sym(Ω) are such that P is X-invariant and X is transitive on P, then the quadruple (G, X, Ω, P) is called a transitive orbital decomposition, or a TOD for short. A TOD (G, X, Ω, P) is said to be cyclic if X P is cyclic. We observe that if (G, X, Ω, P) is a TOD of index k, then so is (Ĝ, X, Ω, P), whereĜ is the kernel of X acting on P. Now G ≤Ĝ andĜ is normal in X. Thus, replacing G byĜ, we may always replace a cyclic TOD (G, X, Ω, P) by (Ĝ, X, Ω, P), which is a cyclic TOD withĜ normal in X and X/Ĝ is a cyclic group.
Transitive orbital decompositions arise in a number of different areas. The reader is referred to [LP01] for further motivation and background. For example, the case where k = 2 corresponds to a class of digraphs which is important to Ramsey numbers: For a digraph Γ with vertex set V , the complement Γ of Γ is the digraph with vertex set V such that (v, v ) is an edge of Γ if and only if it is not an edge of Γ. In the case where Γ is isomorphic to Γ, the digraph Γ is said to be self-complementary. Then a TOD of index 2 exactly corresponds to a self-complementary vertex-transitive digraph. The class of self-complementary vertex-transitive digraphs has received considerable attention in the literature, see for example [Li97] , [LP00] , [Muz99] , [Sac62] . We now recall the concept of exceptional permutation groups. Let G be a transitive normal subgroup of a permutation group X on Ω. Then X induces an action on Orbl(G, Ω). If X fixes no element in Orbl(G, Ω), then the triple (G, X, Ω) is said to be exceptional. The exceptionality of transitive permutation groups arises naturally in considerations of Galois groups of exceptional covers of curves -cf. [FGS93] , [GMS01] . Much information on exceptional triples may be found in [GMS01] .
By definition, if (G, X, Ω, P) is a cyclic TOD with G ¡ X and X/G = X P , then (G, X, Ω) is an exceptional triple. On the other hand, an exceptional triple (G, X, Ω) with X/G cyclic of prime-power order gives rise to a cyclic TOD (G, X, Ω, P) of prime-power index, see Lemma 2.1. Cyclic TODs of prime index play a central role in the study of TODs (G, X, Ω, P): Since X acts transitively on P of degree k, by a theorem of [FKS81] , X contains an element x of order p e with p a prime dividing k and e ≥ 1, which acts fixed-point-freely on P; it then follows that there is a partition Q of index p refined by P such that (G, G, x , Ω, Q) is a TOD of index p (cf. [LP01, Lemma 3.6]). A TOD (G, X, Ω, P) is said to be point-primitive if X is primitive on Ω. It is shown in [LP01, Theorem 1.2] that to each TOD (G, X, Ω, P) there corresponds at least one point-primitive TOD (Ĝ,X,Ω,P) of the same index withĜ,X sections of G, X respectively,Ω ⊂ Ω and X P =XP. This suggests that an understanding of point-primitive TODs is crucial for a proper understanding of TODs in general.
The product of all minimal normal subgroups of a group G is called the socle of G and denoted by soc(G). A group X is said to be almost simple if its socle T is a nonabelian simple group; we will always identify such a group X with a subgroup of Aut(T ). We develop a result of [GMS01] to obtain the following classification. Theorem 1.1. Let (G, X, Ω, P) be a TOD with X an almost simple group primitive on Ω, G normal in X, and X/G a cyclic p-group for some prime p. Let H denote the stabilizer in X of a point in Ω and set T = soc(X). Let σ be an outer automorphism of G such that X = G, σ . Then one of the following holds, and in each case we get examples: Let X be a transitive permutation group on a set Ω, and let N = soc(X).
If N is an elementary abelian group, then X is said to be of affine type. Suppose now that N = T l is a minimal normal subgroup of X and that T is a nonabelian simple group. If N ω ∼ = T , then X is said to be of simple diagonal type; if N ω ∼ = T m for some integer m ≥ 2, then X is said to be of compound diagonal type; while if 1 = N ω = T m for any m ≥ 1 and l ≥ 2, then X is said to be of product action type. See Section 2 for more details of these types.
The next theorem gives a characterization of point-primitive cyclic TODs of prime-power index. Remark. The almost simple examples are classified in Theorem 1.1, and Construction 2.5 gives all simple diagonal examples. For any almost simple or simple diagonal example, and any l or l 0 , Construction 2.8 or 2.9 gives an example of product action type or compound diagonal type respectively.
We now turn our attention to the case of self-complementary graphs. For a TOD (G, X, Ω, P) of index k with P = {P 1 , . . . , P k }, there are k digraphs Γ i with vertex set Ω and edge set P i . They form a homogeneous factorization of the complete digraph K n where n = |Ω|. As observed before, in the case where k = 2, the factor Γ 2 = Γ 1 , and Γ 1 is a self-complementary digraph. As a corollary of Theorem 1.2, we have a characterization of self-complementary digraphs with X primitive on vertices. In [LP00] , there is a construction of the first family of self-complementary digraphs which are vertex-transitive but not Cayley digraphs. Many of the examples given are undirected, that is, if (ω, ω ) is an edge then so is (ω , ω). However, the initial digraphs used in the construction in [LP00] 
with q odd, and σ is a fielddiagonal automorphism.
Constructing examples
Let G be a transitive permutation group on a set Ω. For ω ∈ Ω, an orbit of G ω on Ω \ {ω} is called a suborbit of G at ω. Orbitals and suborbits at ω are in one-to-one correspondence: an orbital ∆ uniquely corresponds to a suborbit
and identify the action of G on Ω with the coset action of G on [G : G ω ]. Then also suborbits of G at ω exactly correspond to double cosets G ω gG ω , where g ∈ G.
2.1. A method for constructing cyclic TODs. For a transitive permutation group G on a set Ω, assume that X is such that G¡X ≤ Sym(Ω) and X/G is cyclic. Since G is transitive, X = GX ω and hence there exists an element σ ∈ X ω \ G ω such that X = G, σ . Since G is normal in X, the subgroup σ induces an action on the double cosets of G ω by
Through this action, σ acts on Orbl(G, Ω). The following lemma is an immediate consequence of [LP01, Lemma 6.1]; a similar result was proved in [GMS01] .
Lemma 2.1. Let G be a transitive permutation group on Ω, and assume that
Assume further that σ has prime-power order. Then the following are equivalent:
We note that the element σ in Lemma 2.1 induces a non-trivial automorphism of the group G and normalizes the point-stabilizer G ω . By Lemma 2.1, in order to construct cyclic TODs of prime-power index, we only need to find groups G with a core-free subgroup H and an automorphism σ such that σ is of prime-power order, normalizes H, and fixes no double coset HgH for g ∈ G \ H. A method for constructing cyclic TODs may be formulated as follows. This is a special case of [LP01, Construction 3.1].
Construction 2.2. Assume that a group G has a core-free subgroup H and an automorphism σ such that σ has p-power order with p prime and σ normalizes H. Assume further that σ fixes no HgH, where g ∈ G \ H. Let X = G, σ , and let Ω = [G : H]. Let ∆ 1 , . . . , ∆ r be the orbits of σ acting on Orbl(G, Ω), and let
It is easily shown that P is a partition of index k of Orbl(G, Ω) such that σ is transitive on P, and thus the quadruple (G, X, Ω, P) given by Construction 2.2 is a cyclic TOD of index k, and the triple (G, X, Ω) is an exceptional triple.
It is well known that a group with a fixed-point-free automorphism is soluble, see [GO, 
This shows that if (G, X, Ω, P) is a point-primitive TOD and X has a normal subgroup which is regular on Ω, then X is an affine group, that is, soc(X) is elementary abelian. There are many known examples of TODs of this type, see for instance [LP01, Construction 6.3]. Now we assume that (G, X, Ω, P) is a pointprimitive TOD and soc(X) is nonabelian. Then by Lemma 2.3, soc(X) is not regular, and thus by the O'Nan-Scott theorem (refer to [LPS00] ), either X is almost simple, or X is one of the types: simple diagonal, compound diagonal or product action. In the rest of this section, we will construct cyclic TODs corresponding to each of these four types of primitive permutation groups.
2.2. Almost simple case. There are five infinite families of almost simple groups giving rise to TODs. In each of the following cases, we have a triple (G,
be a simple Chevalley group defined over a field of order q p with p a prime that does not divide the order of L(q). Let H be the normalizer of L(q) in G, and let σ be a field automorphism of G of order a power of p.
, where e is a p-power with p an odd prime. Let σ be a field automorphism of G of order e, and let H ∼ = D 2(2 e +1) be the normalizer of a nonsplit torus of G. (iii) Let G = PSL 2 (q 2 ) with q odd, and let H be the normalizer of a split torus isomorphic to D q 2 −1 . Let σ be the product of a diagonal automorphism and a field automorphism of even order.
(iv) Let G = PSU 3 (2 e ) be such that e is a power of 3, and let H be the stabilizer of an orthogonal decomposition of the natural module. Let σ be a fielddiagonal automorphism of order e. (v) Let G = Sz(2 e ) be such that e is a power of the odd prime p = 5, and let H be the normalizer in G of a Sylow 5-subgroup. Let σ be a field automorphism of order e.
The next lemma, proved in [GMS01, §3] , tells us that each triple (G, H, σ) given above gives rise to an exceptional triple.
Lemma 2.4. Let (G, H, σ) be one of the triples listed above. Then σ fixes no HgH
Thus by Construction 2.2, there exists a partition P of Orbl(G, Ω) such that (G, X, Ω, P) is a cyclic TOD.
Simple diagonal construction.
A permutation group is said to be quasiprimitive if all of its non-trivial normal subgroups are transitive. A TOD (G, X, Ω, P) is said to be point-quasiprimitive if X is quasiprimitive on Ω.
The following construction produces triples (G, X, σ) with X quasiprimitive of simple diagonal type, and implies that there are many cyclic TODs of this type. 2.4. Product action construction. Here we provide general constructions that take as input a triple (G, K, σ) from Subsection 2.2 or 2.3 and an integer l ≥ 2, and produce an exceptional triple for the group G l . These constructions make use of the product action of a wreath product. A crucial result needed for these constructions is proved in Lemma 2.7.
Construction 2.5. (This constructs a triple (G, H, σ)
Let 
and Kg 
Point-quasiprimitive cyclic TODs of product action type and of compound diagonal type will be constructed below. As preparation we make the following definition of a certain type of transitive subgroup of a wreath product in product action. Let N be a transitive permutation group on a set ∆, and let
The subgroup G is transitive on Ω since N is transitive on ∆, and G is normal in M L since N is normal in M . Let G < X < N L be such that X/G ∼ = Z l and X permutes N 1 , . . . , N l transitively by conjugation. Let ω = (δ, . . . , δ) ∈ Ω. Then we have X = GX ω , and hence there exists an element σ ∈ X ω \ G ω such that X = G, σ and
Suppose now that σ has the form σ = (ψ, 1, . . . , 1)(12 . . . l) 
such that p |T |. Let H = {(t, t, . . . , t) | t ∈ T } and ∆ = [N : H], so that N is a transitive subgroup of Sym(∆) and H
The following lemma shows that examples of point-quasiprimitive cyclic TODs of product action type and compound diagonal type may be produced by Constructions 2.8 and 2.9. The following lemma determines the point-primitive TODs of almost simple type, completing the proof of Theorem 1.1. Proof. By Lemma 2.1, the triple (G, X, Ω) is exceptional. We use the classification theorems from [GMS01, Section 3]. We recall some of the argument there and refine it for our situation here. Arguing as in the first paragraph of Subsection 2.1, we get X = G, σ where σ ∈ X ω \ G ω and we may take σ to be a p-element.
If T is sporadic or A n with n = 6, there are no examples of exceptionality: this is not hard to show, see [GMS01, 3.34] . If T = A 6 , we view it as PSL 2 (9) and it does occur in case (iii) of Theorem 1.1 with G = T .
Thus we may assume that T = L(q 0 ) is a Lie type simple group defined over a field of order q 0 , and T is not isomorphic to an alternating group.
First suppose that H is a 'subfield group'. Thus, q 0 = q m 1 with m prime, and H is the normalizer of L(q 1 ). By [GMS01, 3.29, 3.30, 3 .33] and the fact that X/G has prime power order, it follows that m ≥ 3 with equality only possible in the case that T = Sz(2 a ) with a odd and divisible by 3. Write σ as σ = df τ , where d, f, τ are suitable diagonal, field and graph automorphisms (possibly trivial). Since σ is a p-element, we may take these also to be p-elements. Note that τ nontrivial implies that p ≤ 3 with equality only possible when T is an 8-dimensional orthogonal group.
It follows from the arguments in [GMS01, 3.8] that m = p. We sketch a proof. As noted in [GMS01] , if C is any X-stable conjugacy class of G, then g ∈ C implies that g has a fixed point on Ω (because then X = GC X (g) and so g ∈ C X (σg ) for some g ∈ G and σg has a unique fixed point). We can take C to be any f τ-invariant class of semisimple elements (as such classes are invariant under diagonal automorphisms). Since H does not contain elements from every class of semisimple elements, it follows that f τ = 1.
Consider first the case where f is not 1, that is, a field automorphism is involved in σ. The centralizer of f τ will be a group L(q 2 ) of the same type as T , possibly twisted with q 0 = q b 2 with b a power of p. We see that if m = p, then there exist semisimple classes C which intersect this L(q 2 ) but do not intersect L(q 1 ) (for example, we can take suitable elements whose orders are certain primitive prime divisors). This shows that m = p in this case.
Next consider the case where f = 1. Since f τ = 1, τ is then nontrivial. It is easy to dispose of this case too. For example, if L is linear of even dimension n, there exist semisimple classes in PSp n (q 0 ) which do not meet L n (q 1 ).
We next show that p does not divide the order of T . Since σ has a unique fixed point, |Ω| has order prime to p, and so H contains a Sylow p-subgroup of X, and hence H ∩ T contains a Sylow p-subgroup of T . In particular, p does not divide q 0 . Now we prove that p does not divide |H ∩ T |. For suppose it did. Since the order of T is a power of q 0 times a product of cyclotomic polynomials evaluated at q 0 and the order of H ∩ T is the same with q 0 replaced by q 1 , it follows (using the fact that m = p) that p divides |T : H ∩ T | = |Ω|, which is a contradiction. Thus p does not divide |H ∩ T |, and since H ∩ T contains a Sylow p-subgroup of T , in fact p does not divide |T |.
In particular, there are no nontrivial diagonal automorphisms of T of order p. It follows that σG and f G are both Sylow p-subgroups of the subgroup dG, f G of Aut(T )/G, and hence are conjugate in dG, f G , that is, there exists an element (1) T = PSL 2 (2 e ) with e odd, p is odd, and H ∩ T dihedral of order 2(2 e + 1); (2) T = PSL 2 (3 e ) with e > 1 odd and H ∩ T dihedral of order 3 e + 1; (3) T = PSL 2 (r e ), r > 2 with e even, p = 2, and H ∩ T dihedral of order r e − 1; (4) T = PSU 3 (2 e ) with e > 1 odd, p = 3 and H ∩ T the stabilizer of an orthogonal decomposition of the natural module; or (5) T = Sz(2 e ), e a power of the odd prime p = 5, and H ∩ T is the normalizer of a Sylow 5-subgroup. In the first case, we claim that e is a power of p and σ is a field automorphism of order e. Clearly, σ may be taken to be a field automorphism. If the order of σ is f , then its centralizer is PSL 2 (2 e/f ), which must be contained in our dihedral group, whence e = f . Thus, e is a power of p and Theorem 1.1 (ii) holds. By [FGS93] (see also [GMS01, 3 .27]), there are examples in this case.
The second case turns out to be impossible here: If p is odd, then this is not exceptional, since the centralizer of a field automorphism is not contained in H. If p = 2, then σ induces a diagonal automorphism and the centralizer of σt for various t contains every possible semisimple element of T , which is a contradiction.
Next consider T = PSL 2 (r e ), r > 2 with e even and H ∩ T dihedral of order r e − 1. If p = 2, then PSL 2 (r 2 ) ≤ H, which implies that H is a subfield group. So p = 2, as in Theorem 1.1 (iii). This is an example by [GMS01, 3.28] .
Next, consider T = PSU 3 (2 e ) with e odd, e > 1, and H ∩ T the stabilizer of an orthogonal decomposition of the underlying vector space. We claim that σ must involve a diagonal automorphism. Otherwise for some t ∈ T , σt would be a field automorphism whose centralizer contains PSU 3 (2). This subgroup does not act imprimitively and so is not contained in a conjugate of H. Since the group of outer diagonal automorphisms has order divisible by 3, it follows that p = 3. We claim that e is a power of 3. If not, choose t ∈ T such that the centralizer of σt contains SU 2 (2 f ) with f the 3 -part of e. If f > 1, then this subgroup cannot embed in H. We have now shown that X/G must be generated by the product of a diagonal automorphism and a field automorphism of order e. Thus Theorem 1.1 (iv) holds. If e is a power of 3, we have an example by [GMS01, 3.30] .
Finally, the case T = Sz(2 e ) appears in the conclusion of the theorem.
Proof of Theorem 1.2
In this section, we prove Theorem 1.2. First we determine the possible O'NanScott types of point-primitive TODs. Thus to complete the proof of Theorem 1.2, we need to verify the assertions in parts (iii), (iv), (v). First we deal with part (iii), namely cyclic TODs (G, X, Ω, P) such that X is quasiprimitive of simple diagonal type. For a quasiprimitive permutation group X with socle G = T l on Ω, if X is of simple diagonal type, then 
H], and ω ∈ Ω be such that H = G ω . Assume that conditions (i)-(iii) of the lemma are satisfied. By Lemma 2.6, σ fixes no HgH for g ∈ G \ H. Then by Construction 2.2, there exists a partition P of Orbl(G, Ω) such that (G, X, Ω, P) is a TOD of p-power index. Conversely, assume that (G, X, Ω, P) is a cyclic TOD of index k, where k is a power of a prime p. Then by Lemma 2.1, there exists σ ∈ X ω which has p-power order and fixes no element in Orbl(G, Ω). Since p divides |Ω| − 1, we have that p is coprime to |Ω| = |T | l−1 , and so p is coprime to |T |; so part (ii) holds. Consider the subgroup Y := G, σ . Then (G, Y, Ω, P) is also a cyclic TOD of index k. Suppose that σ is not transitive on {T 1 , T 2 , . . . , T l }. Then we may write Since p is coprime to |T |, we have that p is odd and ϕ / ∈ Inn(T ). It follows that T is a simple group of Lie type. Further, it is easily shown that p divides neither the order of a graph automorphism nor the order of a diagonal automorphism of T . It follows that ϕ is a field automorphism By Lemma 4.6, the assertions of Theorem 1.2 (iv) hold for the case where X Ω is of product action type. In order to complete the proof of Theorem 1.2, we need to prove the assertions about the compound diagonal case. This is treated in the next lemma. Proof. As X is primitive, G = soc(G) is transitive on Ω, and by Lemma 2.1, σ fixes no double coset F ω gF ω where g ∈ F \F ω , and hence fixes no G ω gG ω for G ∈ G\G ω . As in the first paragraph of the proof of Lemma 4.5, we may assume that σ is a p-element. We end this section with a summary of the arguments for proving Theorem 1.2.
Proof of Theorem 1.2. Let (G, X, Ω, P) be a cyclic TOD of index p e , where p is a prime and e ≥ 1, such that X is primitive on Ω. By Lemma 4.1, X is of affine, almost simple, simple diagonal, compound diagonal, or product action type. By Remark 4.2, the assertions of Theorem 1.2 (i) hold for the affine case, and those for the almost simple case in Theorem 1.2 (ii) follow from Theorem 1.1. Finally the assertions for the simple diagonal, compound diagonal and product action types in Theorem 1.2 (iii), (iv), (v) follow from Lemmas 4.3, 4.7, 4.6, respectively. a given graph Γ is therefore at most |PΓL 2 (q 2 ) : PSL 2 (q 2 )| = 4 log p q. Hence there are, up to isomorphism, at least 2 (q−3)/(4 log p q) /(4 log p q) vertex-transitive self-complementary graphs admitting G.
